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DESTROYING P-POINTS EFFICIENTLY

This section will be present a method, due to Chodounsky and
Guzman [1], but following an alternate, streamlined proof due, in
addition, to Verner. While very elegant and relatively
straightforward, it seems to be very specific and has not leant itself
to modifications, leaving open several questions.
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DEFINITION 1

SI denotes Silver forcing and consists of all partial functions
f 1w — 2 such that domain(f) is co-infinite. The ordering on SI is
inclusion. Given a set of ordinals X define

SIX = {F e SI¥ | [{€ € X | F(¢) # 2} <o}

to be the countable support product of SI with the coordinate-wise
inclusion ordering. For F € SIX define the support of F to be

{6 X | F(€) # @}. If G CSIX is generic and £ € X let the £th
Silver real be denoted by S¢ = e F(€).
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DEFINITION 2

Given f € SI such that f~*{1} is infinite and j € w define
(f)={kew |j<|fYH{1}Nk| <j+1}. ForJ€ 2 define

Dy(f) = |J hnts(F)

new

and let this definition also apply to total functions f : w — 2.

If F~1{1} is finite then some /;(f) will not be defined, but this will
not play a role since the set of f € SI such that f~1{1} is infinite
is dense.
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KEY IDEAS OF THE PROOF

o The key observation is that for any G C SI* generic over V/,
any ultrafilter & from V and J € 2 there is some U € Uf that
is disjoint from any pseudo-intersection of the sets
{DJ(sn)}new-

@ In the model obtained by forcing with SI“? over a model of
the Continuum Hypothesis, for every ultrafilter U/ in the
ground model there is a countable B C w» from the ground
model and some J € 2 such that D;(S¢) € U for each € € B.

@ One might hope that the final step would be to show that if &/
is an arbitrary ultrafilter in a generic extension by G C SI*?
then there is a set X € [wy]™ such that 2/ N V[G NSIX] is an
ultrafilter and that G N SI¥2\X is generic over G N SIX.

@ However, this makes no sense since the forcing is a v@tﬁtK '
rather than an iteration.
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In the following lemma note that A is a set, not a name.

LEMMA 1

Let P be a partial order such that P x SI* is w*“-bounding.
Suppose further that U is a P x SI“-name for an ultrafilter such

that for each A C w the set Ea(U) defined to be

{P ep ‘ (p, @) lrpxsiw “A€U” or (p, @) Irpysiw “A¢ U}
(1)
is dense in P. Then for each J € 2
1lFpyse (VX Cw)(3U € U) either
(3n € w) [X\ Dy(Sn)| =Ro or X NU| < Ro.” (2)

V.
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PROOF.

Let Z be a P x SI* name such that
1 IFpy s “(Vn € w) V4 - D_/(Sn)" .

Since P x SI¥ is w“-bounding it is possible to partition w into
intervals { Ny} ke, such that for some (p,f) € P x SI¥:

o (p, ) IFpxsre “Z\ max(N,) € Dy(S,)" for each n € w

o N, \ domain(f(i)) # @ for each i < n.

It may be assumed that U= UnEw Nopt1 € U. The goal now is to
find a condition (g, h) < (p, f) such that
(g, h) lFpxse “[ZNU| < No". As a first step, find g O f such that
for every n € w there is some w, € N>, such that

° U%:gl N; C domain(g(n)) U {w,}

® w, ¢ domain(g(n)).
Now define H, = Napy1 N Dy(g(n)).
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PROOF CONTINUED.

Since the w, are in the domains of different coordinates of g it is
possible to extend g to g so that g(n)(w,) takes on any value
desired. In particular,

if g(n)(Wn) = 0 then g’ “_S]I“’ “N2n+1 N DJ(Sn) — Hn”
while
if g(n)(wn) =1 then g lFgre “Nopii \ DJ(S,,) —H,".

Define H = {J,,c,, Hn, noting that H C U. A modification to be
made to U will depend on whether H is forced to belong to U or
not. Noting that H belongs to the ground model, let g < p belong

- '
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PROOF CONTINUED.

If (g, @) IFpysre “H ¢ U" then let U= U\ H € U. In this case let
h D g be such that h(n)(w,) = 0 for every n € w. We know that

hlkgre “UN Nopy1 NDy(S)=UNH,=2".

Since (qa h) ”_]P’XS]I“’ “Z.ﬂ N2n+1 c Z \ ma_X(Nn) c DJ(Sn)” it
follows that (g, h) lFpxsiw “UNNopy1 NZ = ",
Since UC U = U, Nany1 it follows that

(g, h) lFpxsi “UNZ C U UNNopiNZ =2".

new
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COMPLETION OF PROOF.

On the other hand, if (g, @) lFpysr “H € U" then let U = H. In
this case let h O g be such that h(n)(w,) =1 for every n € w.

It now also follows that h lkge “Dy(S,) N H, = @". Since
(, h) IFpxsie “Z N Noppr € Dy(Sp)"
it again follows that (g, h) lFpxse “Hp N Z = @" and, hence, that

(g, h) IFpxsre “UN Z=HNnZ=g"

as required. O
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If 280 = Ny then for any Y C SI*2 such that |Y| = X, there is
Y € [Y]®2 such that for any B € [Y]™ there is q € SI“? such that
g2UB.

Use a A-system argument and the hypothesis 280 = ;. O I
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LEMMA 3

If2R0 = Ry and 1 lFgw, ‘U is an ultrafilter” then there is a dense
set of f € SI*2 for which there is a countable B C w» and J € 2
such that

Q@ flrg: “Dy(Sp) €U forall € B

@ the set EA(U) of (1) is dense in SI“?\E for each A C w.

Recall that Ea(U) is defined to be

{p cP ] (p, D) IFexsie “A €U’ or (p, D) IFpxsie “A ¢ U’ }

—
w
~

and note that P is SI*2\B in this case.
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PROOF.

Let g € SI*? be given. From Lemma 2 it follows that SI“? satisfies
the Np-chain condition. Since 2% = X; it is possible to find

E C SI*2 such that |E| = X; and such that E4(U) N E is dense in
SI“2 for each A C w. Let X € [wa]™ be so large that it contains
the support of all f € E.

For each ¢ € wy choose some fe € SI*? and J; € 2 such that

fe 2 g and f¢ Ibgre2 Dy (S¢) € U”. Using Lemma 2 find

A € [w2]™2 such that Ugep fe € SI*2 for each B € [A]¥o. Let J €2
be such that if A* = {A € A | Jy = J} then |[A*| =X, Let

B € [A*\ X]™ and define f = Uges fe-

O

v,
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If 2% =Ny and G C SI*? is generic over V then V[G] is a model
of set theory with no P-points.

PROOF.

If { is a SI*? name for an ultrafilter then by the Lemma 3 there is
some f € G and a countable B C wy and J € 2 such that

@ flkgr2 “Dy(Sp) €U’ forall € B
@ the set Ea(U) of (1) is dense in SI“?\E for each A C w.

Then by Conclusion (2) of Lemma 1, with P taken to be SI*?\B, it
follows that

f lrgpuns, gpp “(YU € U)(3n € w) |X \ Dy(Sn)| = Ry

and, since SI*2\B x STB = SI*?, the result follows. D‘ & '
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A measure m satisfies Property AP if for every pairwise disjoint
sequence {Ap} there is A C w such that A, C* A for all n and

m(A) =3 , m(An).

An ultrafilter with Property AP is clearly a P-point. Mekler shows
in [2] that it is consistent that there are no finitely additive
measures with Property AP, thus strengthening Shelah's
consistency that there are no P-points. Borodulin-Nadzieja,
Cancino and Morawski that the existence of a measure with AP
does not imply the existence of a P-point. However,

QUESTION 1
Are there ultrafilters with Property AP in the Silver model? | '
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The next part of this lecture will look at a model of Shelah [3] in
which there are no Nowhere Dense (NWD) ultrafilters.

Recall from the first lecture that if Z is an ideal on X thenU is an

Z-ultrafilter if for every F : w — X there is A € T such that
FY(A)euUu.

Recall also from the first lecture that every P-point is a NWD
ultrafilter, so this is a strengthening of having no P-points. So it
begs the following question.

QUESTION 2

Are there NWD-ultrafilters in the Silver model?
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DESTROYING MORE THAN JUST P-POINTS

DEFINITION 5

A partial order P will be said to have the weak Sacks property if for
every g : w — w such that lim,_,o g(n) = oo and every
plFp “f :w — w” there are infinite AC w, F: A — [w]<N and
g < p such that:
o |F(n)| < g(n) forallne A
o glFp “(Yne€ A) f(n) € F(n)".

LEMMA 4

| A\

If P has the weak Sacks property and

1I-p “Q has the weak Sacks property”

then P x QQ has the weak Sacks property. Ld
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The proof of Lemma 4 is technical and not sufficiently enlightening
to be worth reproducing here.

The following can be proved using ideas familiar from the iteration
theory of proper partial orders, in particular, the preservation of
w“-bounding forcing by countable support.

If « is an ordinal and P is the countable support iteration of proper
partial orders P¢ for & € v and if each IP¢ has the weak Sacks
Property then so does P.
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DEFINITION 6

If T is an ideal define P(Z) to consist of all functions o defined on
w such that there is d : w — w satisfying that for each n € w

e o(n):[d(n),n) — 2
o d71(k) € T for each k € w.

For o € P(T) let d, denote the function witnessing that o € P(Z).
For o and T in P(Z) define o < 7 if

@ o(n) D 7(n) for all n
Q there is e : w — w such that e(n) < n and d,(n) = e o d-(n)
for all n
@ ifd;(n) =d.(m) and d,(n) < i < d-(n) then
a(n)(i) = a(m)(7).
If G C P(Z) is generic define s¢ = |J, ¢ o(n). u
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LEMMA 6

P(Z) is a partial order.

PROOF.

It only needs to be verified that P(Z) is transitive, so suppose that
o <7 < 0. Then there are e and & such that d, = e o dy and
dy = €od;. Then € o e satisfies Condition (2) required for o < 6.

| \

To see that Condition (3) holds suppose that dp(n) = dy(m) and
dy(n) < i < dp(n). Then note that d,(n) < d-(n) < dr(n) and so
either d,(n) <i < d;(n) or d-(n) < i < dp(n). If the first case
holds note that d(n) = e(dy(n)) = e(dy(m)) = d;(m) and so
a(n)(i) = o(m)(i) because o < 7. In the second case use that

T <40. O
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For o and 7 in P(Z) define o <, 7 if d;{i} = d-1{i} foralli € n
in the range of d-.

It is easy to see that the set of o € P(Z) such that the range of d,
is w is dense. While this is not essential, it is worth keeping in mind
since it simplifies, somewhat, the following technical definition.
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DEFINITION &8

Foro € P(Z), S € [w]<™ and g € [jes 2 define o[g] by

o) if dy(€) & S
olelt®) = {g(dg(ﬁ)) Uo(l) ifdy(f) €S.

If S Cw and g is defined on | J,,cs d, '(n) and g(i) € 2" whenever
dy(i) = n € S then let o[g] be defined by

I () if do(£) € S
olelt) = {g(e) Uo(f) ifdy(¢) € S.

ssssssssss
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While the following lemma concluding that o[g] < o is immediate,
it may not be the case that o[g] < o because Condition (3) of
Definition 6 may fail. When it is necessary to use S in the context
of Definition 8 it will usually be a singleton, but there is a crucial
point, Corollary 1, at which an infinite S will be needed.

Ifo € P(Z) andn € w and g € [[;¢, 2 then olg] < 0.
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LEMMA 8

If T € P(Z) and n € w are such that there are

o & :d-(i) — 2% () for each i € n

@ a dense set D C P(7)
then there are ¢ <, T and &, : d—*(n) — 29 (") and W C D such
that |W| < 2" and such that for each S C n ifos = o [U cs g}}

J
then os[gn] < os and W is predense below each os.

Note that it is not being claimed that o5 < 0.
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Proor @JumMP TO LEMMA 9 @JUMP TO THEOREM.

Let {S;}jcon enumerate all the subsets of n and let {h’ }m(J)
enumerate HZGH\SJ 2% and note that it can assumed that

Y vean M(£) < 2™ Construct inductively conditions 7} for £ € 2"

such that:
ol =1
o= 51(2)
° T£+1[h£ U Umesz gm] < Tﬁ[Umese gm| and, hence, T£+1 < Tf
° dT_fl{j} = d-1{j} if j € nis in the range of d.
e 7_l€+1[hk UUnmes, 8m] € D.
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CONTINUATION OF PROOF OF LEMMA 8.

This is a standard argument, at least for each ¢ individually, but it
is worth repeating in this context. Given T,f let
7f < 7h[h U Upes, &n be such that 7 € D. Then let 7/, be
defined by
o [FHG) ) ¢n
T U) = . :
T(j)  otherwise

and note that 7¢(j) | [dr(j),J) = 7(j) if d-(j) € n. Keep in mind

.. . . 0110 N /¢
that it is not being claimed that 7 [h} U U, ,cs, 8m] < 7y
However, since 7[hf U Unmes, &ml is, nevertheless, an element of
P(Z) there is no problem in finding 7.
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CONTINUATION OF PROOF OF LEMMA 8.

Then extend 72 (2,, 1) to 77 so that if d -(j) ¢ nand d«{j} € n

then d,+{j} = 0. If follows that d=*{j} = d-1{j} if 0 < j < n and
J is in the range of d,, but some more work is needed to get a
condition o such that o <, 7.

To this end, let e be such that d.» = e o d; and define € by

é(j):{n if e(j)=0 & d,(j) #0

j  otherwise.

It is easy to verify that &(j) < j for all j. Moreover, if d, = € o d,~
then d;1{j} = d-!{j} € Z if j # n and

d;Hn} Cdzr0)udt{n} €T
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CONTINUATION OF PROOF OF LEMMA 8.
Therefore, if o is defined by setting d, = € o d,« and letting

mU) [nJ) if &) =n

it follows that o € P(Z).
Let Z,(i) = 7*(i) | n for each i € d=*{0} \ d-1{0}. It follows that
o[gs] = 7* and, furthermore, o <, 7.

o) = {T*(j) if &(j) # n
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CONTINUATION OF PROOF OF LEMMA 8.

Moreover, if S C nand S = S, then {Tf};(n:((g is predense below

T,l;.'(g) [Umes,z Em] and, since

o |&u | &n| =0 | | &n| L&

meS, meS;y
=T7" U gm| < Trl;(f) U gm| (4)
meS, meSy
it follows that the conclusion holds with
W={rf|te2" & kem(()}. O
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LEMMA 9

If{on}ncw CP(Z) and 011 <, o for each n € w then
0 = Upew on € P(Z).

PROOF.

| A\

Note that {d,* {n}},c. are pairwise disjoint and, since

n+1
JelUcrets,
ken
it follows that |J,c,, dU_mlH{n} = w. Hence, if d, is defined by
dy(j) = ds,..{n} if and only d;, ., (j) = ds,,,(n) then d, witnesses
that Definition 6 is satisfied by o. Ol
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LEMMA 10

If T € P(Z) and D, C P(T) are dense for n € w then there isc < T
such that for each j > 0 there is g; : d; 1{j} — 2/ and a finite set
W, C D; such that |W| < 2° and for any S C j if

os=o0 [Uies g'f',-] then os(gj] < os and W; is predense below each
os.

v,

This follows directly from Lemma 8 and Lemma 9
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DEFINITION 9

Define an ideal T to be very tall if for every partition w = J,,c., An
such that A, € Z for each n there is an infinite Z C w such that

UnEZ A“ €l

COROLLARY 1

If T is very tall then P(Z) has the weak Sacks property.
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PROOF.

Suppose that 7 IFpgy) ‘Frw—w" and limp_e g(n) = oco. Let kj

be so large that g(k,) > 2™ and let F(n) = f(k,) and let Dn be
the dense set of conditions deciding the value of F(n). Let o* < 7
satisfy the conclusion of Lemma 10 for {D;};c., and let gj be the
functions guaranteed by that lemma. Since the d.'{j} are
pairwise disjoint and Z is very tall, it is possible to find an infinite

Z C w such that
Ud it et
JEZ
Let & = ;e & and define o = 0*[g] and X = {kn}nez. Then
o = 0*[&] Fpuy “f(kn) = F(n) € W,"

for each k, € X and some set W, such that |W,| < 27 < g(ky) as

= n
required. [] L"
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COROLLARY 2

P(Z) is proper.

PROOF.

Let M be an elementary submodel of H(k) such that Z € M1 and
let 7 € MNP(Z). Let {Dy}new, enumerate all the dense subsets of
P(Z) in 9t and assume that D11 C D,. Then use Lemma 10 as
in Corollary 1 to find ¢ < 7 such that for infinitely many j there is
a finite set W; C D; such that and W, is predense below each o. It
has to be noted that, since the argument of Corollary 1 can be
carried out in 90, it follows that the W, can be assumed to be
subsets of . Therefore o is 9N generic.

DJ
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A set Z C 2% s nowhere dense if and only if there are t, : D,, — 2
such that:

o D, is a finite interval in w

e max(D,) < min(Dpt1)

o ifze Z thent, £ z for all n € w.

PROOF.

Well known and easy.
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LEMMA 12

If P has the weak Sacks property and
1lkp “Z C 2% is nowhere dense ” then there is p € P, an infinite
set X Cw and t, : [n,Dp) — 2 such that:

plkp (Vze Z)(Vne X) t, Z z".

Proor @JuMP TO THEOREM.

Using Lemma 11 let s, be P-names such that
o llrp “(Vnew)sy: E,—2"
o 1lkp “(¥n € w) max(E,) < min(Ept1)”
o llkp “(Vze Z)(Vnew) s, Z 2.
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CONTINUATION OF PROOF OF LEMMA 11

Let w, = {sj}"+” and use the weak Sacks property of P to find
p € P, and |nf|n|te X C w and W, for n € X such that
plFp “(Vn € w) w, € W," and |W,| = n.

An easy inductive argument shows that for each n € X there is
some D, and t, : [n, D,) — 2 such that for each {vJ "+” c W,
there is some j such that n < j < n+4nand v; C t,. It follows that
{tn}nex provides the desired sequence. O
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THEOREM 2

If T is very tall and F is any P(Z)-name such that
@ lrpiy Fiw—2Y & (Ynew)s® C F(n)”

and 11Fp(zy “Q has the weak Sacks property” then for any (7, p)
such that

(7, p) IFp(z)Q “Z C 2 is nowhere dense.”

Then there are (0,q) < (1,p) and U € T* such that
(0,9) Fpay@ “F(U)YNZ =a".
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PROOF.

Use Lemma 4, Lemma 12 and Corollary 1 to find (7%, q) < (7, p),
tn : [n, Dp) — 2 and an infinite set X C w such that

(7%, q) Fpyeg “(Vz € 2)(Yn € X) tn L 2.

Let {xn}ncw enumerate X in increasing order and, by choosing an
infinite subset of X, it can be assumed that D,; < Xj;1.
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CONTINUATION OF PROOF.

Then define the function e by

n if n <Dy
e(n) = .
xi if Dy, < n < Dy

i+1

and define o by

o(n) = 7*(n) ?f n < Dy,
t, UT*(n) if Dy, < n < Dy

i+1°

A key point to notice here is that Condition 3 of Definition 6 is
satisfied and so 0 < 7*. Let U = w \ Ujero d=*{j} and note that
UeZ"and

(0,9) lFpzyeg “(Yn € U)(Em € X) tm C F(n)"

as required. O
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COROLLARY 3

It is consistent that there are no nowhere dense ultrafilters; indeed
no nowhere dense very tall filters .

| \

PROOF.

Let V be a model of set theory such that ¢, holds and this is
witnessed by {Dq }aecw,. Construct a countable support iteration
{Pq}aecw, such that for each « € wy if D, is a P, name such that
1lFp, “D is an ultrafilter” then Py41 = Py * P(D,). Since the
iteration is proper it follows that if ¢/ is a P,,, name for an
ultrafilter then there is o € wy such that for any generic G C P,
the interpretation of D in V[G NP,] is equal to the interpretation

of U in V[G NP,

YORK
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CONTINUATION OF PROOF.

Since the ideals dual to an ultrafilter are easily seen to be very tall,
it follows from Lemma 5 that in the model V[G NP,]

LIFp(py) “Puy/Pa+1 has the weak Sacks property.”

It follows from Theorem 2 and Lemma 12 that there is a P,-name
for function F : w — 2“ such that if F(U) is nowhere dense then
Ueur.

O

V.

This proof actually shows that there are no very tall, NWD ideals.
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Shelah has shown that ultrafilters with some properties, such a
Property M, are NWD-utrafilters and so do exist in the model of
Corollary 3. On the other hand, letting B be the ideal on
@new{n} x n defined by

={X C Bnew{n} xn | (Fk ew)(Vmew) | XN{m} x m < k}

it is consistent with set theory that there is a B-ultrafilter, but
there are no nowhere dense ultrafilters.

QUESTION 3

Determine for which other ideals I there are, or are not,
T-ultrafilters in the model of Corollary 37

(U has Property M if for all § > 0 and {X,}, such that YORK
A(Xn) > 0 there is A € U such that (), X») > 0.) Suivensioe L
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LINIVERST

JURIS STEPRANS P-poINTS



REFERENCES 1

@ David Chodounsky and Osvaldo Guzman.
There are no P-points in Silver extensions.
Israel J. Math., 232(2):759-773, 20109.

@ Alan H. Mekler.
Finitely additive measures on N and the additive property.
Proc. Amer. Math. Soc., 92(3):439-444, 1984.

[ Saharon Shelah.
There may be no nowhere dense ultrafilter.
In Logic Colloquium '95 (Haifa), volume 11 of Lecture Notes
Logic, pages 305-324. Springer, Berlin, 1998.

JURIS STEPRANS P-poINTS



